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In a sequence of single spins interacting dispersively with a mechanical oscillator, and using
the micromaser model with random injection, we show that after an appropriate post-selection of
each spin, a phonon laser analog with Poisson statistics is created with nearly perfect coherence,
evidenced by the second order coherence function that goes asymptotically to one. The non-linear
gain of the system depends crucially on the post-selected spin state as well as the pump. Weak
interaction followed by post-selection has been proven to be effective in amplifying very small signals,
which otherwise would go undetected. Our model and results strongly suggest that the mechanism
of interaction followed by a properly post-selected state of the spins is very powerful in creating
coherent vibrational radiation. To the best of our knowledge, such mechanism for phonon lasing is
demonstrated here for the first time. These ideas and results may be useful for further theoretical
and technical developments.
∗ miguel.orszag@umayor.cl
ar
X
iv
:1
90
2.
03
13
5v
1 
 [q
ua
nt-
ph
]  
8 F
eb
 20
19
2A quantun system coupled to the motion of a micro- or nano-fabricated mechanical oscillator has become of pivotal
importance in realizing quantum technological tasks. Myriad applications such as cooling of phonon modes to enhance
sensing [1–3], exploration of quantum effects [4, 5] and others have been realized. Over the last decades, besides cooling
or creating quantum vibrational states [6–8], there has been a great interest in the research of generating a phonon
laser effect. Some theoretical proposals include vibrational amplification of a single trapped ion [9], nano-mechanical
analog of a laser [10], phonon laser effects in nanomagnets [11]. On the experimental side, there has been several
results related to ultrasonic pulses by maser action [12], stimulated emission of phonons in Ruby [13, 14], stimulated
emission in an acoustic cavity [15]. More recently, a phonon laser was realized using a single trapped ion and two laser
beams [16], in a microcavity system coupled to a radio frequency mechanical mode [17] and in an electromechanical
resonator [18].
From the history of the L(M)aser development we know that many kind of systems and concepts were proposed to
reach the ultimate effect - Amplification of Radiation by Stimulated Emission. Hence, this impressive experience drove
the community to find the feasible mechanisms for a phonon laser analog, which presents nowadays new technological
challenges. In the spirit of this idea, we propose here to take into account the richness of the physical effects discovered
in the last years by using the hybrid systems, usually composed by the quantum systems and mesoscopic object as
mechanical oscillator/resonator, metamaterial, etc. [19–21] Additionally to the richness and effectiveness of the hybrid
system, we propose to include also the advantages of the post-selective measurement, proved to play a key role as
found in some recent theoretical and experimental investigations [6–8, 22–24].
Measurements in quantum mechanics are usually described by the interaction of a system we want to measure
and the measurement apparatus in such a way that the modification of the probe state depends on the value of the
observable. If this interaction is strong, and the apparatus is represented by a narrow wave-function, as compared to
the spectrum gaps of our observable, we get the usual von Neumann scenario, where the state of the system is strongly
modified by the measurement. On the other hand, Aharonov et.al. [25] proposed first the idea of weak measurements
combined with the pre- and post-selections, where the measurement apparatus was represented by a state with a very
large uncertainty, when compared with the typical distance between the eigenvalues of a given observable. As a result,
one can get, under certain conditions, an amplification of a small effect, and the final state of our system is hardly
modified at all. Although there were some claims that the amplification obtained from weak interaction followed
by post-selection had a classical nature [26], it was later proven of quantum origin [27]. There is a large amount
of literature in connection to post-selection and weak value amplification (WVA), on theoretical and experimental
grounds. In particular, WVA has been used to estimate small parameters like precision frequency measurements
with interferometric weak values, [28], enlarge birefringent effects [29], or sensitive estimation of angular rotations
of a classical beam, getting an amplification as big as one hundred [30], just to mention a few. Finally, WVA has
become crucial to observe directly the wave function and trajectory in a two-slit experiment [31], and single photon
amplification, both as a non-linear effect or in an optomechanical interaction [23, 24]. These ideas will prove useful for
the proposed phonon laser model in a spin-mechanical system pumped by a combination of randomly injected spins
and post-selection of particular spin states.
Results
Model of phonon maser assisted by post-selection. In this work we present as a theoretical model, an alternative
scheme for a phonon laser, with post-selection playing an important role. Particularly, we are inspired on the one-
atom maser (micromaser) like model [32, 33] by applying it to a hybrid system like [7], where a mechanical oscillator
interacts dispersively with a spin during a fixed short time, τ . At the end of the interaction, we post-select a state of
the spin, with a certain probability. If this process is successful, the oscillator relaxes a longer time, i.e. ∆t τ , under
the action of the thermal bath until the next spin is ready to interact. These processes of interaction, post-selection
and relaxation continue until the mechanics reaches a phonon steady-state with a nearly Poisson distribution plus
phonon amplification, hence showing phonon lasing.
The main idea is pictorially represented in Fig.(1) with a sequence of spin qubits coupled non-resonantly to a
mechanical oscillator, with specified pre- and post-selected spin states. This elementary system is described in the
interaction picture by (with ~ = 1)
Hˆint = bˆ
†bˆ− λσˆz(bˆ† + bˆ), (1)
where λ = λ0/ωm is the scaled coupling strength, λ0 the direct spin-mechanical coupling interaction and ωm the
oscillator frequency; bˆ stands for the annihilation bosonic operator. We assume the oscillator to be initially in a
thermal state ρˆm(0) ≡ 12pin¯0
∫
d2βe−
|β|2
n¯0 |β〉 〈β|, with β = r exp[iφ] representing the amplitude of the coherent state;
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FIG. 1. Artistic sketch of the phonon maser model, where one spin is approaching to the magnetic tip (Mtip) at the time
interval ∆t and interacts dispersively with a mechanical oscillator during the time τ . The damping mechanisms to thermal
environments are present for the oscillator at the rate κ in units of the oscillator’s frequency, ωm. By this scheme we want to
evidence the two possible outputs which depend crucially on the type of spin measurement, used at an intermediate step of the
micromaser model.
We additionally assume that we have a low initial phonon number, i.e. n¯0 < 1. The spin is pre-selected in the
state ρˆs(0) = (| ↑〉 + | ↓〉)(〈↑ | + 〈↓ |)/2, and the initial state of the entire system (oscillator + spin) reads as
ρˆ(0) = ρˆm(0)⊗ ρˆs(0).
The main task of our lasing protocol is to evolve the pre-selected spin under the interaction energy for a given time
τ , and to post-select the spin in a target state |ψt〉 = cos θ| ↑〉 + sin θ| ↓〉. The dynamics of the spin-mechanics is
calculated by using the unitary time evolution operator Uˆ(τ) = exp[λσˆz(ηbˆ
† − η∗bˆ) − ibˆ†bˆτ ] derived from Hˆint with
η = 1− e−iτ [7]. Therefore, the evolved mechanical state after the spin post-selection, reads
ρˆm(τ) = 〈ψt| Uˆ(τ)ρˆ(0)Uˆ†(τ) |ψt〉 . (2)
After a straightforward calculation, one gets the unnormalized mechanical density operator
ρˆm(τ) = cos
2 θD(λη)e−ibˆ
†bˆτ ρˆm(0)e
ibˆ†bˆτD(−λη) (3)
+ sin2 θD(−λη)e−ibˆ†bˆτ ρˆm(0)eibˆ†bˆτD(λη)
+
sin 2θ
2
[
D(λη)e−ibˆ
†bˆτ ρˆm(0)e
ibˆ†bˆτD(λη) + h.c.
]
,
where D(α) is the usual displacement operator.
Maser Master Equation. Next, we make use of the well known Micromaser Model. From that viewpoint, it
is clear that Eq.(3) represents the gain corresponding to a single spin of the micromaser master equation (ME),
as described for example in [36] by using the quantum theory of the laser. So the gain part can be written as
ρˆm(τ) ≡ Mˆ(τ)ρˆm(0), where Mˆ is a superoperator generally deduced from the system’s Hamiltonian, in our case
considering Eq.(1). Next we fix the interacion time and the post-selected state, e.g. τ = pi and θ = pi/2 , so
Mˆ(τ)ρˆm(0) = D(−λη)e−ibˆ†bˆτ ρˆm(0)eibˆ†bˆτD(λη). The full ME, considering the gain term assisted by spins injected at
the rate r (see Methods) and the loss term, reads [36]
˙ˆρm(t) = r
(
ˆM(τ)− 1
)
ρˆm(t) + Lρˆm(t), (4)
where Lρˆm(t) = κ(1+n¯0)
(
bˆρˆmbˆ
† − 12 ρˆmbˆ†bˆ− 12 bˆ†bˆρˆm
)
+κn¯0
(
bˆ†ρˆmbˆ− 12 ρˆmbˆbˆ† − 12 bˆbˆ†ρˆm
)
is the standard Lindbladian
describing the field decoherence; here κ is the rate of the phonon damping to the bath with n¯0 = (exp[~ωm/kBTth]−
41)−1 phonons (the mechanics is initially in the same state) at temperature Tth and r = 1/∆t with ∆t being the time
between two consecutive spin-oscillator interactions satisfying the necessary condition for the maser model ∆t τ .
A more general model includes pump statistics (see Methods), but here we assume a random arrival and measure-
ment of the spins interacting with the oscillator, that corresponds to p → 0 in the micromaser notation. Such an
approach for our model is theoretically reasonable and practical from experimental point of view. The argumentation
is that the preparation (pre-selection) and measurement (post-selection) are inherently probabilistic processes, hence
the random arrival (incoherent pump) of the spins will adequately ”simulate the physics” of the probabilistic events
involved in the model. From the ME (4), we can deal with the dynamics and solve a Fokker-Planck equation, using
Glauber’s P -distribution, which we solved analytically (see Methods), obtaining for the mean phonon number the
following result
〈nˆ(t)〉 = n¯0 + 16λ
2r2
κ2
(
1− exp[−κt/2])2. (5)
Hence, the steady-state (t→∞) average phonon number is n¯SS = n¯0 + 16λ2r2/κ2.
Witnessing the phonon lasing. In the following we calculate the common properties of the laser effect, such
as phonon statistics, second order coherence function, g(2)(0), and the linewidth. Therefore, the phonon probability
distribution function is calculated for the steady-state solution, i.e. in Eq.(4) considering ˙ˆρm = 0, and reads (see
Methods)
P (n) ≡ ρˆn,n = 1
pin¯0n!
∫
d2β|β|2ne−|β|2− |β−β¯|
2
n¯0 , (6)
where |β¯|2 ≡ n¯SS − n¯0. By numerical calculation of Eq.(5) we plot the time evolution of the average phonon number
and the respective phonon distribution function, Fig. (2). In the Fig. (2, top), we show the growth of the average
phonon number as a function of time, which for longer times, saturates to a steady state value. On the other hand, in
Fig. (2, bottom), we present the steady state phonon statistics obtained and compared to an exact Poisson distribution
with the same phonon mean value. We observe that the two distributions are very similar, indicating that the state
of the phonons is nearly coherent.
In order to witness the degree of coherence of the laser emission we evaluate the second-order correlation function,
g(2), getting the following analytical result (see Methods)
g(2)(0) =
2n¯20 + 4β
2
1 n¯0 + β
4
1
n¯20 + 2β
2
1 n¯0 + β
4
1
. (7)
 
0     200        400        600        800       1000      1200  
 
time, [arb. units] 
n p
os
t(
t)
 
  
n S
S
 [
ar
b.
un
its
]  
  
pump, [arb.units] 
  
	
	
	
Poisson	distribution:		
X
n
exp[ n¯]n¯n
n!
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>
Thermal	initial	state			 Final	state			 Coherent	state			
			
			
			
			
			
			
			
			
			
			
Thermal	state			
FIG. 2. (Left panel) Time evolution of the average phonon number calculated: i) using analytical expression Eq.(5) which
converge to the steady-state n¯SS = 9.7 (red dashed) and ii) using numerical simulation of the ME (4) which converge to the
steady-state n¯SS ≈ 9.3 (dot-dashed). (Inset) Steady state phonon number vs. pump ∝ r2, as in Eq.(5).
(Right panel) Probability distribution function evidencing the steady-state solution (green bars) and compared to the standard
Poisson distribution for the same mean value (red line). (Inset) Wigner function plots and the thermal initial distribution. The
model parameters are: n¯0 = 0.1, λ = 0.001, κ = 0.01 ∗ λ and ∆t = 41 ∗ τ , for τ = pi.
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FIG. 3. Second-order coherence degree, evidencing the formation of coherent state when g(2)(0) → 1. Here we compare: i)
analytical expression Eq.(7) (red dashed) and ii) numerical solution resulted from the ME (4) (black dot-dashed). Both curves
fit perfectly. (Inset) Linewidth vs. pump ∝ r2, as in Eq.(8)
Another qualitative witness of the laser emission is its linewidth, which in fact results from the intrinsic quantum
nature of the lasing. Hence, to complete our analysis of the phonon maser we calculate the analytical expression of
the linewith which reads (see Methods)
D = κn¯0
2n¯SS
=
κn¯0
2(n¯0 + 16λ2r2/κ2)
. (8)
Therefore, in the main plot of Fig. (3) we present the analytical result Eq.(7) for the second order coherence versus
time which evidences a very good agreement with the numerical simulation (red dashed). As shown, the phonon
steady state correspond to a coherent state, i.e. g(2)(0) → 1 for long times. In the Inset of the same figure we plot
the linewidth as in Eq.(8), which is observed to behave similarly as in the standard laser model [35].
We point out here that all the analytical results presented above were compared to their respective quantities
obtained from the numerical simulation of the ME (4) by using the Quantum Toolbox in Python (QuTiP) [37]. It is
important to notice that the both methods of calculation concur very well, sometimes even superposed as in Fig. (3).
Discussion
One could think that instead of post-selecting the spins, we could average over the spin variables, that is, to perform a
partial trace and study the evolution of the system as in Eq.(2). Thus, we readily get the evolved mechanical density
matrix
ρˆm(τ) = Trs[Uˆ(τ)ρˆ(0)Uˆ
†(τ)] = D(λη)e−ibˆ
†bˆτ ρˆm(0)e
ibˆ†bˆτD(−λη) + D(−λη)e−ibˆ†bˆτ ρˆm(0)eibˆ†bˆτD(λη).
In the micromaser language, the above expression corresponds to the gain part of the ME (4). After performing the
same calculation as in the post-selected version, we arrive to the following conclusions: A) The final state of the
mechanical oscillator differs very little from the initial thermal one (see Inset of Fig. (2b). B) There is no indication
of any lasing effect. As a matter of fact, there is hardly any change in the average phonon number, during its time
evolution. Starting from n¯0, the evolution results in an increase of less than 5%, behavior that shows no amplification
of phonons.
In summary, we have proposed the model of a phonon maser in a spin-mechanical system with dispersive interaction
accompanied by pre-selection and post-selection measurements. Our model is based on the setup similar to a micro-
maser with random atomic injection [34–36], where a sequence of prepared spins are interacting with a mechanical
oscillator and after a choice of post-selection of each spin we demonstrate, both analytically as well as numerically,
that the oscillator goes to a steady state with a phonon probability distribution close to a Poissonian and almost
6perfect coherence. As result we find a thresholdless phonon laser, where the non-linear gain in the dynamics depends
crucially on the pre-selected and post-selected spin states.
Remarkably, one observes no phonon amplification nor lasing effect if one replaces the post-selection by a partial
trace or averaging operation, as in the usual laser theory. As a conclusion, it becomes clear that the post-selective
measurement after the dynamical evolution becomes a central element in the lasing process. Particularly, together
with the random injection of the spins, the post-selection plays the role of the incoherent pump and nonlinear gain
with the fundamental result here – stimulated emission of the coherent vibrations in a spin-mechanical system – our
proposal for a phonon maser model.
Methods
General micromaser model. To apply the micromaser theory to our spin-mechanical system in the case of many
spins (main ingredient for micromaser), one considers that (i) the spins interact with the oscillator in sequence, and
(ii) the time that one spin interacts with the mechanics, τ , is much shorter than the total time, t, of the oscillator’s
evolution as well compared to the time, ∆t, determining the relaxation under the thermal reservoir action. The density
operator of the mechanics after a total time t, during which the oscillator interacted with k spins can be written as
ρˆ
(k)
m (t) = Mˆk(τ)ρˆm(0) [34–36]. Another important ingredient of the laser effect is the the pump mechanism. To model
the pump in our proposal let’s consider that the spins are approaching to interact with the oscillator at the rate r
and that the probability for k spins which are successfully post-selected in the desired state and so contributing to
the gain effect, is calculated as P (k) = CKkp
k(1 − p)K−k, where CKk = K!/k!(K − k)!, p is the probability for a
given spin to be successfully post-selected, and K is the total number of spins involved in the lasing process (i.e.,
0 ≤ k ≤ K). Therefore, the average number of spins contributing to the ”real gain” is 〈k〉 = pK. As a particularity of
the micromaser model, the parameter p plays an important role by introducing the effect of the statistics of pumping,
with the limit p → 0 (considered in this work) corresponding to random pumping and p → 1, to uniform pumping.
The latter case does not apply here, since post-selective measurements are probabilistic events with, in fact, very
small successful probabilities as in theories and experiments of WVA [22–25, 30].
Therefore, the density operator of the mechanics, averaged over k successful post-selective measurements, evolves
in time as following [36]
ρˆm(t) =
K∑
k=0
P (k)ρˆ(k)m (t) =
{
1 + p[Mˆ(τ)− 1]
}K
ρˆm(0). (9)
To get the full dynamics for ρˆm(t), one computes the derivative of Eq. (9) with respect to time and expanding the
result in series in p(Mˆ − 1) is obtained
˙ˆρm(t) =
r
p
ln
{
1 + p[Mˆ(τ)− 1]
}
ρˆm(t) ' r[Mˆ(τ)− 1]ρˆm(t)− rp
2
[Mˆ(τ)− 1]2ρˆm(t). (10)
Derivation of phonon distribution. In terms of Glauber’s P−representation, the density matrix is ρˆm(0) =
d2βP (β, β∗, t) |β〉 〈β|. Using the displacement operator, one gets Mˆ(t)ρˆm(0) = d2βP (β, β∗, t) |−β − ηλ〉 〈−β − ηλ|.
By the standard technique to convert a Master Equation into a Fokker-Planck second order differential equation
[35] where Lρˆm(t) =⇒ κ2 ( ∂∂ββ + ∂∂β∗ β∗)P + κn¯0 ∂
2P
∂β∂β∗ , we get the time dependent Fokker-Planck equation
κP +
∂P
2∂β
(κβ − 4λr) + ∂P
2∂β∗
(κβ∗ − 4λr) + κn¯0 ∂
2P
∂β∂β∗
=
∂P
∂t
. (11)
In the following, assuming a solution of the type P = exp [a(t) + b(t)β + c(t)β∗ + d(t)ββ∗] and an initial Gaussian
distribution P (β, β∗, 0) = 1piε exp(− |β−β0|
2
ε ) one obtains
b = c =
4λr
κn¯0
(1− exp[−κt/2]) + β0
n¯0
exp[−κt/2],
d = − 1
n¯0(1− exp[−κt]) + ε exp[−κt] .
For an initial thermal distribution ε = n¯0, β0 = 0, we get P (β, β
∗, t) = 1pin¯0 exp[−
|β−β1|2
n¯0
] with β1 =
4λr
κ (1 −
exp[−κt/2]).
7Therefore the probability of having n phonons is calculated by using the P (β, β∗, t) function as following
ρˆn,n =
∫
d2βP (β, β∗, t)| 〈n|β〉 |2 = 1
pin¯0n!
∫
d2β|β|2ne−|β|2− |β−β¯|
2
n¯0 , (12)
Calculation of the average phonon number. Using the definition 〈nˆ(t)〉 ≡ Tr{nˆρˆm} one has 〈nˆ(t)〉 =
1
pin¯0
∫
d2β | β |2 exp(− |β−β1|2n¯0 ).
After a straightforward calculation, we get the final expression
〈nˆ(t)〉 = n¯0 + 16λ
2r2
κ2
(
1− exp[−κt/2])2. (13)
Calculation of the second order coherence function. Defining a generating function Q(s) =
∑∞
n=0(1 −
s)nP (n), with P (n) = ρˆnn, as in Eq.(12).
It is simple to prove (see e.g. [35]) that g(2)(0) = 1〈n〉2
d2
ds2Q(s) |s=0. Hence, after a simple but rather long calculation,
one gets the final expression
g(2)(0) =
2n¯20 + 4β
2
1 n¯0 + β
4
1
n¯20 + 2β
2
1 n¯0 + β
4
1
. (14)
Calculation of the linewidth.
The Fokker-Planck equation, Eq.(11), can be written in polar coordinates with β = r exp iθ [35]. Therefore, for the
steady state that corresponds to the regime with ∂∂r = 0 one has:
∂P
∂t = 0 =
D
2
∂2P
∂θ2 , where
D = κn¯0
2n¯SS
=
κn¯0
2(n¯0 + 16λ2r2/κ2)
(15)
is the linewidth for the phonon maser steady state regime.
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